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SOME ASYMPTOTIC BEHAVIOR OF THE FIRST
EIGENVALUE ALONG THE RICCI FLOW
JUN LING
Abstract. We study some asymptotic behavior of the first nonzero
eigenvalue of the Lalacian along the normalized Ricci flow and give
a direct short proof for an asymptotic upper limit estimate.
1. Introduction
The study of behavior of the eigenvalues of differential operators
along the flow of metrics is very active. We list a few such studies as
follows. Perelman [9] proved the monotonicity of the first eigenvalue of
the operator −∆ + 1
4
R along the Ricci flow by using his entropy and
was then able to rule out nontrivial steady or expanding breathers on
compact manifolds. X. Cao [1] and J. F. Li [6] studied the eigenvalues
of −∆+ 1
2
R along the unnormalized Ricci flow and gave some geometric
applications. The author [7] studied the eigenvalues of Laplacians of
the normalized Ricci flow of metrics and gave a Faber-Krahn type of
comparison theorem and a sharp bound of the first nonzero eigenvalue
on compact 2-manifolds with negative Euler Characteristic. In [8], the
author constructed a class of monotonic quantities along the normalized
Ricci flow. In this short note, we study some asymptotic behavior of the
first nonzero eigenvalue of the Lalacian along the normalized Ricci flow
and give a direct short proof for an asymptotic upper limit estimate.
There are more developments to follow this.
2. Results
We have the following results.
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Theorem 2.1. Let M be an n-dimensional closed manifold. Let g(t)
be a solution for 0 ≤ t < T (T ≤ ∞) to the normalized Ricci flow
equation on M
∂
∂t
g = −2Rc +
2r
n
g,
where Rc is the Ricci tensor of the manifold (M, g(t)) and r the average
of the scalar curvature R of the manifold (M, g(t)), and g(t) starts with
a Riemannian metric g(0). Let λg(t) be the first nonzero eigenvalue of
the Laplacian ∆g(t) of the metric g(t). If g(t) converges in all C
k(M)-
norm to a metric g(T ) as t→ T , then we
λg(T ) ≥ lim sup
t→T
λg(t),
where λg(T ) is the first nonzero eigenvalue of the Laplacian ∆g(T ) of the
limit metric g(T ).
Proof. Let dµt be the volume element of the metric g(t), and dµT the
volume element of the metric g(T ).
For ∀f ∈ C∞(M) with
∫
M
fdµT = 0, let
ct =
∫
M
fdµt.
Then we have
lim
t→T
ct =
∫
M
lim
t→T
fdµt =
∫
M
fdµT = 0.
Since
∂
∂t
(dµt) =
1
2
√
det(gij(t))
[
∂
∂t
det(gij(t))
]
dx
=
1
2 det(gij(t))
[
∂
∂t
det(gij(t))
]
dµt
=
1
2
gji(t)
[
∂
∂t
gij(t)
]
dµt
= (r − R)dµt
and
r =
{∫
M
Rdµt
}/{∫
M
dµt
}
,
we have
∂
∂t
∫
M
dµt =
∫
M
(r − R)dµt = 0.
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Therefore V =:
∫
M
dµt =
∫
M
dµT is constant independent of t. Since
the function
ht =: f − ct/V
satisfies the equation ∫
M
htdµt = 0,
the variational property of the first nonzero eigenvalue ([2], [10]) implies
that
λg(t) ≤
∫
M
|∇[g(t)]ht|
2dµt∫
M
(ht)2dµt
=
∫
M
|∇[g(t)]f |2dµt∫
M
f 2dµt − (ct)2/V
,
where ∇[g(t)] is the gradient operator of the metric g(t).
Taking the upper limit as t→ T , we get
lim sup
t→∞
λg(t) ≤
∫
M
|∇[g(T )]f |2dµT∫
M
f 2dµT
.
By the variational property of the first nonzero eigenvalue again, we
have
λg(T ) = inf
f∈C∞(M),R
M
fdµT=0
∫
M
|∇[g(T )]f |2dµT∫
M
f 2dµT
≥ lim sup
t→T
λ(t).

Corollary 2.2. Let (M, g0) be a closed Riemannian surface, or a closed
three-dimensional Riemannian manifold with positive Ricci curvature,
or a four-dimensional manifold with positive curvature operator, and
etc, the normalized Ricci flow on M with g(0) = g0, g(∞) the limit
metric of g(t) as t→∞. Then we have
λg(∞) ≥ lim sup
t→∞
λg(t).
Proof. The conditions of Theorem 2.1 are satisfied in each case, by [5],
[3], and [4], respectively. 
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